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In this paper, we study the inertial and gravity wave transmissions near the radiative-
convective boundaries in the f-plane. Two configurations have been considered: waves
propagate from the convective layer to the radiative stratified stable layer, or the other
way around. It has been found that waves prefer to survive at low latitudes in a slowly
rotating fluid (the stable layer is strongly stratified). When the rotation is rapid (the
stable layer is weakly stratified), however, waves can survive in the full sphere if the
meridional wavenumber is large. Then we have discussed the transmission ratios for two
different stratified structures: the constant stratification, and the continuously varying
stratification. For the constant stratification, we have found that the transmission is
efficient when the rotation is rapid, or when the wave is near the critical colatitude.
For the continuously varying stratification, we have discussed the transmission ratio
when the square of buoyancy frequency is a polynomial function N2 ∝ zν . For the
linear stratification (ν = 1), we have found that the transmission is efficient when the
rotation is rapid, or when the wave is near the critical colatitude, or when the width of
the linear stratification layer is far greater than the horizontal wave length. For a convex
stratification (ν > 1), the incident wave is always transmitted. For a concave stratification
(0 < ν < 1), the incident wave is always reflected. The transmission ratios does not
depend on the configurations, but only on the characteristics of the wave (frequency and
wavenumber) and the fluid (degree of stratification).
Key words:
1. Introduction
Wave propagation is an important physical process in stars and planets. For example,
it is well known that internal gravity waves (IGWs) are likely to be generated near the
radiative-convective boundary in stars by the shear stress (Kumar et al. 1999) or the
stochastic overshooting plumes (Rogers & Glatzmaier 2005; Mathis et al. 2014). When
IGWs propagate in the radiative stable layer, it could induce material mixing (Rogers
& McElwaine 2017) and transport angular momentum (Rogers et al. 2013; Fuller et al.
2014). For a stable layer above a convective layer, gravity wave is important because
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2gravity waves propagate upward into a decreasing density region, which yields increasing
wave amplitudes and wave breaking (Rogers et al. 2013). On Earth’s atmosphere, it has
been confirmed that the breaking of gravity wave is one of the major factors for the
transport of water from troposphere into the stratosphere (Qu et al. 2020). Using the
analogy of Earth’s atmosphere, Rogers et al. (2013) proposed that IGW is dynamically
and chemically important in massive stars. Recently, low-frequency gravity waves were
indeed detected in blue supergiants by the method of asteroseismology (Bowman et al.
2019). Wave propagation also plays an essential role on angular momentum transport.
Zahn et al. (1997) developed a theoretical model on the angular momentum transported
by waves. For stars, the model of Fuller et al. (2014) predicts that IGW tends to reduce
differential rotation on short timescales in low mass stars. Thus it helps to explain the
observed small amounts of internal differential rotation in the low-mass main-sequence
stars. For planets, Rogers et al. (2012) have shown that the misalignment of exoplanets
around hot stars can be naturally explained by the angular momentum transport driven
by IGWs. In short-period exoplanets, the thermal tides from the host star can also
generate IGWs. Analysis of IGWs in short-period exoplanets revealed that the angular
momentum transport could be enhanced when the radiative-convective boundary is in the
vicinity of the thermal forcing penetration depth (Yu 2020). Apart from gravity waves,
inertial waves could also be generated in rotating stars or planets (Ogilvie & Lin 2004;
Wu 2005a; Goodman & Lackner 2009). Estimation of tidal quality factor illustrated that
the resonantly exited inertial modes have significant impact on the tidal dissipation of a
coreless Jupiter (Wu 2005b). Goodman & Lackner (2009) argued that a rigid core should
be included in the model, and tidal calculations by Wu (2005b) might underestimate the
tidal quality factor. In the discussion of Goodman & Lackner (2009), the inertial waves
were assumed to be fully reflected at the surface of the rigid core. However, recent study
(Liu et al. 2019) revealed that Jupiter probably has a diluted core formed by a giant
impact. If the rigid core is replaced by a diluted core, the inertial waves are expected
to be partially reflected at the surface. An analogy can be readily drawn between this
problem and that of wave propagations near the radiative-convective boundaries.
A question that remains unclear is how the waves reflect and transmit near the
radiative-convective boundaries in stars and planets. Wei (2020) has discussed the re-
flection and transmission of an incident wave at the radiative-convective boundary
in the f-plane, with the assumption that the buoyancy frequency abruptly changes
from zero at the convective layer to a constant value at the radiative stable layer.
He discovered that waves can efficiently transmit across the boundary in the rapidly
rotating fluid. In real stars or planets, the transitions of thermal structures are likely to
be continuous. Therefore it is necessary to consider the wave reflection and transmission
near a continuously transited radiative-convective boundary. In this paper, we extend the
work of Wei (2020), by considering two different stratification structures in the stable
layer: the constant stratification, and the continuously varying stratification. Efficiencies
of wave transmissions were estimated and compared.
2. Method and result
For a Boussinesq flow in a rotating f-plane, the linearized hydrodynamic equations of
mass and momentum conservations are
∇ · u = 0 , (2.1)
ut + f × u +∇p− bzˆ = 0 , (2.2)
bt +N
2u · zˆ = 0 . (2.3)
3where u = (u, v, w) is the velocity; f = (0, f˜ , f) is a vector form of horizontal and
vertical Coriolis parameters, with f˜ = 2Ω sin θ and f = 2Ω cos θ; Ω is the rotation rate,
and θ is the colatitude of the f-plane; p is the modified pressure perturbation (pressure
perturbation scaled by constant background density); b is the buoyancy; g is the gravity;
N2 is the square of buoyancy frequency; xˆ, yˆ, and zˆ are the unit vectors in the east-west
direction, the south-north direction, and the vertical direction, respectively. We consider
a two-layer thermal structure, with an upper density-stratified stable layer adjacent to a
lower adiabatically convective layer (fig.1a). By this setting, N2 is positive in the stable
layer, and zero in the convective layer, respectively. After some manipulations, the above
equations can be reduced into the following equation on vertical velocity (Gerkema &
Shrira 2005):
∇2wtt + (f · ∇)2w +N2∇2hw = 0 , (2.4)
where ∇2h = ∂2x + ∂2y is the horizontal Laplacian operator, and ∇2 = ∇2h + ∂2z is the
Laplacian operator. For a plane wave propagating in the direction (cosα, sinα), the
problem can be further simplified by introducing a new variable χ, which satisfies x =
χ cosα and y = χ sinα (fig.1b). Substituting ∂x = cosα∂χ, ∂y = sinα∂χ, and w =
W (χ, z) exp(−iσt) into the above equation, we obtain
AWχχ + 2BWχz + CWzz = 0 , (2.5)
where σ is the time frequency, A = f˜2s −σ2+N2, B = ff˜s, C = f2−σ2, and f˜s = f˜ sinα.
Wave solution exists when this partial differential equation is hyperbolic, thus it requires
∆ = B2 −AC > 0 (Gerkema & Shrira 2005), or equivalently
σ4 − (f2 + f˜2s +N2)σ2 +N2f2 < 0 . (2.6)
Then the frequency range for wave solutions is
σ21 < σ
2 < σ22 , (2.7)
where σ21,2 = [(f
2 + f˜2s +N
2)∓
√
(f2 + f˜2s +N
2)2 − 4N2f2]/2. For a wave to propagate
through the whole domain, this inequality should be satisfied for all the possible values of
N2(z). Let N2min and N
2
max be the minimum and maximum values of N
2(z), respectively.
For a wave to survive in both convective and stable layers, it requires
σ2min < σ
2 < σ2max , (2.8)
where σ2min = [(f
2 + f˜2s + N
2
max) −
√
(f2 + f˜2s +N
2
max)
2 − 4N2maxf2]/2 and σ2max =
[(f2 + f˜2s +N
2
min) +
√
(f2 + f˜2s +N
2
min)
2 − 4N2minf2]/2. In our problem N2min = 0, thus
σ2max = f
2 + f˜2s . The width of the frequency range is
σ2max − σ2min =
1
2
[(f2 + f˜2s −N2max) +
√
(f2 + f˜2s +N
2
max)
2 − 4N2maxf2] (2.9)
=
1
2
[(f2 + f˜2s −N2max) +
√
(f2 + f˜2s −N2max)2 + 4N2maxf˜2s ] . (2.10)
This width is always positive unless f˜2s = 0 and f
2 + f˜2s 6 N2max. f˜2s = 0 can be achieved
only when sin θ = 0 or sinα = 0. Thus, in polar regions, waves cannot survive in both
convective and stable layers in a slowly rotating fluid (N2/4Ω2  1, or in other words, the
stable layer is strongly stratifed) (Wei 2020). However, the conclusion at other latitudes
is completely different. At other latitudes, if the meridional wavenumber is nonzero,
waves can survive in both convective and stable layers even in a slowly rotating fluid.
4The width of the frequency range decreases with N2max/4Ω
2 (see Appendix A), with an
upper limit value f2 + f˜2s achieved at N
2
max/4Ω
2 → 0 and a lower limit value f˜2s achieved
at N2max/4Ω
2 → ∞. As a result, waves are more likely to survive at low latitudes in a
slowly rotating fluid, where f˜2s is larger. In a rapidly rotating fluid (N
2/4Ω2  1, or in
other words, the stable layer is weakly stratifed), waves are more likely to survive at high
latitudes, but the chance at low latitudes is still moderate if the meridional wavenumber
dominates the zonal wavenumber. If N2max is fixed, it is obvious that the width increases
with sin2 α (see Appendix A). Thus waves with higher meridional wavenumbers are
more likely to survive. The dependence of width on θ can be analyzed by taking the
first derivative of θ. For the simplicity of explanation, we only consider the northern
atmosphere. The case in the southern atmosphere can be inferred from the symmetric
property. After some trivial calculation (see Appendix A), we find that the conclusion
depends on N2max/4Ω
2 and sin2 α. If N2max/4Ω
2 > 1, then the width increases with θ.
If N2max/4Ω
2 < 1, there exists a critical value (sin2 α)c. The width increases with θ in
the range sin2 α > (sin2 α)c, and decreases with θ in the range sin
2 α < (sin2 α)c. Again,
we have verified that the frequency range is wider at low latitudes in a slowly rotating
fluid. In a rapidly rotating fluid, waves can survive in the full sphere when the meridional
wavenumber is large (see fig.5(a) in Appendix A).
Given σ in the frequency range (σmin, σmax), the wave solution can be obtained if
W (χ, z) is solvable. The general solution of (2.5) can be written in a form (Gerkema &
Shrira 2005) of
W = Ψ(z) exp(ikχ) = ψ(z) exp i(kχ+ δz) , (2.11)
where δ = −kB/C and Ψ(z) = ψ(z) exp(iδz). Making a substitution, we obtain
ψzz + k
2(
B2 −AC
C2
)ψ = 0. (2.12)
or
ψzz +
k2
C
(
B2 −A0C
C
−N2)ψ = 0 , (2.13)
where A0 = f˜
2
s − σ2. From this equation, we know that the wave solution depends on
the structure of N2(z).
Before the discussion of wave transmission, it is necessary to consider the wave
directions in detail. Here we determine the wave direction by its group velocity, because
it represents the direction of energy propagation. For the convenience of discussion, let
us first consider a simple case with constant N2. In such case, the basis functions of
wave solution can be written as ei(±r0+δ)z, where r = ±r0 + δ is the wavenumber along
the vertical direction. For the convenience of discussion, we call ±r0 as modified vertical
wavenumber. Substituting e±ir0z into (2.12), we obtain the dispersion relation
r20 = k
2B
2 −AC
C2
. (2.14)
Taking the first derivative to σ, we have
dr0
dσ
=
k2σ
r0
C2 −AC + 2B2
C3
, (2.15)
where cg0 = dσ/dr0 is the modified vertical group velocity, and cp0 = σ/r0 is the modified
vertical phase velocity. Let us define a quadratic function h(C) = C2−AC+ 2B2. It can
be easily proved that h(C) = C2 +B2 + (B2 −AC) > 0 if wave solution exists.
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Figure 1: Sketch plots of f-plane structure and wave direction. (a)Illustration of
a two-layer setting f-plane. The stable layer sits above the convective layer. The
f-plane is inclined an angle θ with the north pole. yˆ is the south-north direction.
zˆ is the vertical direction. xˆ is the east-west direction pointing into the plane of
the paper. (b)The plane wave propagates in a direction at an angle α to x-axis.
(c) and (d) The sign of cp0cg in weakly (case I) and strongly (case II) stratified
cases, respectively. Note that f2 can be smaller than N2 in the weakly stratified
case.
Now we consider the vertical group velocity of the wave eirz. It can be shown that
dr
dσ
= ±dr0
dσ
+
dδ
dσ
=
kσ
C2
[
±(C2 −AC + 2B2)− 2B(B2 −AC)1/2
(B2 −AC)1/2 ] , (2.16)
where cg = dσ/dr is the vertical group velocity, and cp is the vertical phase velocity. Note
that cg has the same sign as dr/dσ. Compared to group velocity, the judgement of phase
velocity direction is much easier. So here we try to build up some relations between the
vertical group velocity cg and the modified phase velocity cp0 . It can be shown that
r0
σ
dr
dσ
=
kr0
C2
[
±(C2 −AC + 2B2)− 2B(B2 −AC)1/2
(B2 −AC)1/2 ]
=
k2
C3
[
±(C2 −AC + 2B2)− 2B(B2 −AC)1/2
(B2 −AC)1/2 ][±(B
2 −AC)1/2]
6=
k2
C3
[(C2 −AC + 2B2)∓ 2B(B2 −AC)1/2] . (2.17)
It is easy to prove h(C) > |2B(B2 −AC)1/2| since
(C2 −AC + 2B2)2 − 4B2(B2 −AC) = (C2 −AC)2 + 4B2C2 > 0 . (2.18)
Thus we conclude that
Sgn(cgcp0) = Sgn(
r0
σ
dr
dσ
) = Sgn(C) , (2.19)
where the operator Sgn is a sign function. As a result, the sign of cp0cg is only determined
by the sign of C. When σ2 < f2, cg and cp0 are in the same direction. When σ
2 > f2,
cg is in the opposite direction with cp0 . Singularity appears when σ
2 = f2 and it defines
the critical colatitudes θc = cos
−1±σ/(2Ω) (Rieutord et al. 2001; Goodman & Lackner
2009). Our conclusion is general for the wave propagation in a tilted f -plane. The special
cases of the pure gravity wave (f2 = 0) and the pure inertial wave (N2 = 0) have been
well studied in a non-tilted plane (f˜2 = 0 and cp0 = cp) (Rieutord 2015). For the pure
gravity wave case (f2 = 0 and f˜2 = 0), we have f2 = 0 < σ2 < N2. Thus cg always
propagates in the opposite direction to cp. For the pure inertial wave case (N
2 = 0 and
f˜2 = 0), we have 0 < σ2 < f2. Thus cg always propagates in the same direction as cp.
These two results are implied in the calculations of Rieutord (2015) (see equations (5.48)
and (8.20) in the book). Now let us consider the gravito-inertia wave in the non-tilted
f-plane (f˜ = 0 and f = 2Ω). For such case, the lower and upper limits of wave frequency
are σ21,2 = (f
2 + N2 ∓ |f2 − N2|)/2. When the density structure is weakly stratified
N2/f2 < 1, we have σ2 < σ22 = f
2, therefore cg has the same direction as cp. When
the density structure is strongly stratified N2/f2 > 1, we have f2 = σ21 < σ
2, therefore
cg has the opposite direction to cp. When N
2/f2 = 1, cg = 0 and wave energy does
not propagate along the vertical direction. Clearly, the direction of cg depends on the
density stratification. In summary, cg in weakly (strongly) stratified density structure
prefers the same (opposite) direction as (to) cp. Now we consider the more general case
for the gravito-inertial wave in a tilted f-plane (f˜ 6= 0). The discussion is similar to that
of the non-tilted case. If f˜s 6= 0, then σ2 ∈ (σ21 , σ22) can be separated into two regions.
In the region σ21 ∈ (σ21 , f2), cg has the same direction as cp0 (fig.1(c)). On the other
hand, in the region σ2 ∈ (f2, σ22), cg has the opposite direction to cp0 (fig. 1(d)). In the
strongly stratified (slowly rotating) case, the frequency range of cp0cg > 0 is thinner than
that of cp0cg < 0. So cg and cp0 prefers the opposite direction in a strongly stratified
density structure. In a weakly stratified (rapidly rotating) case, the conclusion depends
on latitudes. They prefers the same direction at high latitudes, but the opposite direction
at low latitudes.
Now we discuss the wave reflection and transmission at the interface between the
convective layer and the density-stratified stable layer. Wei (2020) has discussed four
configurations on wave reflection and transmission: from convective (stable) to stable
(convective) layers, and stable layer sitting above (below) convective layer. It is easy to
verify that when the stable layer is switched with the convective layer, the Boussinesq
equations in the f-plane are invariant under the transformation z ↔ −z and w ↔ −w,
where the location of the interface is set at z = 0. Thus it is sufficient to discuss one of
the cases. The other case can be inferred from the symmetric property. In this paper,
we consider two configurations for the stable layer sitting above the convective layer:
the wave propagates from the convective layer to stable layer (the left panel of fig. 2),
and the wave propagates from the stable layer to the convective layer (the right panel of
fig.2). In either case, we consider two different stratification structures in the stable layer:
7(a) (b)
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Figure 2: Sketch plots of wave propagation in different configurations. (a and
c)Configuration 1: the wave propagates from the convective layer to the stable
layer. (b and d)Configuration 2: the wave propagates from the stable layer to
the convective layer. (a and b)The stable layer is constant stratification. (c and
d)The stable layer is continuously varying stratification.
constant stratification (fig. 2(a and b)), and continuously varying stratification (fig 2(c
and d)).
To obtain the wave solution, we firstly discuss the general solutions in the convective
layer and the stable layer, and then determine the coefficients by matching boundary
conditions at the interface. We have two boundary conditions at the interface. The first is
the condition for continuous vertical velocity w(0+) = w(0−). The second is the condition
that Lagrangian perturbation of pressure is continuous at the interface, which requires
that the first derivative of vertical velocity is continuous wz(0
+) = wz(0
−) (see Wei
(2020) and Appendix B for explanation).
In the adiabatically convective layer with N2 = 0, it is easy to obtain the following
wave solution:
ψ = a1 exp(iqz) + a2 exp(−iqz) , (2.20)
where q > 0 and q2 = k2(B2 −A0C)/C2 is the square of wavenumber in the vertical
direction. The coefficients a1 and a2 would be determined from the matching boundary
conditions at the interface. The wave solution in the stable layer is more complicated. It
depends on the stratification structure of N2(z). In the following, we discuss the wave
solutions of two different stratification structures: constant stratification and continuously
varying stratification. Before the discussion, we introduce the vertical component of the
averaged internal wave energy flux (see Appendix B for the derivation)
〈F 〉 = CIm(ψz/ψ)
2k2σ
|ψ|2 , (2.21)
where the bracket 〈〉 represents that the average is taken in a wave period, and the oper-
8ator Re and Im denote the real and imaginary parts of a complex number, respectively.
Given the averaged kinetic energies fluxes of the incident wave 〈Fi〉, the reflective wave
〈Fr〉, and the transmitted wave 〈Ft〉, we define the reflection ratio
ζ =
| 〈Fr〉 |
| 〈Fi〉 | , (2.22)
and the transmission ratio
η =
| 〈Ft〉 |
| 〈Fi〉 | . (2.23)
Note that here the definitions of the reflection ratio and the transmission ratio are calcu-
lated by energy flux (Wei (2020) used kinetic energy but in his erratum he used energy
flux). In the followings, we discuss the wave solutions in the two different stratifications.
2.1. Constant stratification in the stable layer
The case of constant stratification has been discussed in Wei (2020). Here we discuss
it again in a general form for the convenience of comparison. For a constant stratification
N2max = γ1 (γ1 > 0), the wave solution can be written as
ψ = b1 exp(isz) + b2 exp(−isz) , (2.24)
where s > 0 and s2 = k2(B2 −A0C − γ1C)/C2 is the square of wavenumber in the
vertical direction, and s > 0. The wave solution contains two separated branches with
opposite vertical propagating directions. The selection of wave directions depends on the
configurations. We consider configurations 1 and 2 in the followings, respectively.
2.1.1. Configuration 1
The vertical component of the group velocity (cg) of the transmitted wave should
be in the same direction with that of the incident wave. For configuration 1, cg of the
transmitted wave is outward. The direction of cg is determined by the sign of C. Here
we discuss the two cases C > 0 and C < 0, separately.
For the case C > 0 (or σ2 < f2), it requires b2 = 0. The wave with wavenumber +q
is incident wave, the wave with wavenumber −q is reflective wave, and the wave with
wavenumber +s is transmitted wave. The matching boundary conditions at the interface
gives
a1 + a2 = b1 , (2.25)
qa1 − qa2 = sb1 . (2.26)
Note that the terms containing δ can be cancelled on both sides in the second matching
boundary condition. Solving these equations, we obtain the wave amplitude ratios
a2
a1
=
q − s
q + s
, (2.27)
b1
a1
=
2q
q + s
. (2.28)
With the amplitude ratios, the reflection ratio can be calculated as
ζ = (
a2
a1
)2 = (
q − s
q + s
)2 , (2.29)
and the transmission ratio can be calculated as
η =
s
q
(
b1
a1
)2 =
4sq
(q + s)2
. (2.30)
9It can be seen that
ζ + η = 1 , (2.31)
which means that the incident wave energy is either reflected or transmitted. We are inter-
ested in whether waves could penetrate across the interface efficiently. The efficiency can
be estimated by the transmission ratio (or the reflection ratio). The higher transmission
ratio (or the lower reflection ratio), the more wave energy is transmitted.
Noting q = k
√
∆0/C and s = k
√
∆m/C, we can rewrite the transmission ratio as
η = 1− (
√
∆0 −
√
∆m√
∆0 +
√
∆m
)2 = 1− (1− 2√
∆0/∆m + 1
)2 , (2.32)
where ∆0 = B
2 − A0C and ∆m = B2 − A0C − N2max. It can be seen that η decreases
with ∆0/∆m. By taking the first derivatives, it is easy to prove that ∆0/∆m increases
with N2max/(2Ω)
2, and decreases with σ2. As a result, we find that η decreases with
N2max/(2Ω)
2 and increases with σ2. Specifically, we have η → 1 when N2max/(2Ω)2 → 0
or σ2 → f2. Therefore, the transmission is efficient when the rotation is fast, or when
the absolute value of the frequency is close to the vertical Coriolis parameter.
For the case C < 0 (or σ2 > f2), it requires b1 = 0. The wave with wavenumber −q
is incident wave, the wave with wavenumber +q is reflective wave, and the wave with
wavenumber −s is the transmitted wave. Then the boundary conditions give
a1 + a2 = b2 , (2.33)
qa1 − qa2 = −sb2 . (2.34)
Thus we have
a1
a2
=
q − s
q + s
, (2.35)
b2
a2
=
2q
q + s
. (2.36)
Now the reflection ratio is
ζ = (
a1
a2
)2 = (
q − s
q + s
)2 , (2.37)
and the transmission ratio is
η =
s
q
(
b2
a2
)2 =
4qs
(q + s)2
= 1− ζ . (2.38)
Similarly, we can rewrite the transmission ratio as
η = 1− (
√
∆0 −
√
∆m√
∆0 +
√
∆m
)2 = 1− ( 2√
∆0/∆m + 1
− 1)2 . (2.39)
Noting ∆0/∆m < 1, we see that η increases with ∆0/∆m. By taking derivatives, we find
that ∆0/∆m decreases with N
2
max and σ
2. As a result, we find that η decreases with
N2max/(2Ω)
2 and σ2. Specifically, we have η → 1 when N2max/(2Ω)2 → 0 or σ2 → f2.
Again, we conclude that the transmission ratio is efficient when the stable layer is weakly
stratified, or when the wave is near the critical colatitude.
For the configuration 1, we have plotted the transmission ratios for different
N2max/(2Ω)
2 and sin2 α in fig. 3. The effect of N2max/(2Ω)
2 is shown from the top
to bottom (N2max/(2Ω)
2 = 10, 1, 0.1), and the effect of sin2 α is shown from the
left to right (sin2 α = 0.01, 0.5, 1.0). First, we observe that the degree of stratification
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Figure 3: Transmission ratios for different N2max/(2Ω)
2 and sin2 α. The
horizontal axis is cos2 θ, and the vertical axis is σ2/(2Ω)2. (a)-(c) The slowly
rotating group (N2max/(2Ω)
2 = 10) with sin2 α ∈ {0.01, 0.5, 1.0} from the left to
right. (d)-(f) The moderately rotating group (N2max/(2Ω)
2 = 1) with
sin2 α ∈ {0.01, 0.5, 1.0} from the left to right. (g)-(i) The rapidly rotating group
(N2max/(2Ω)
2 = 0.1) with sin2 α ∈ {0.01, 0.5, 1.0} from the left to right.
(N2max/(2Ω)
2) has great impact on the frequency domain. The frequency domain is much
wider at low (high) latitudes when the stable layer is strongly (weakly) stratified. Second,
we notice that the wavenumber also has important effect on the frequency domain. The
frequency domain is much wider when the meridional wavenumber dominates the zonal
wavenumber. These two points have already been confirmed previously in the frequency
domain analysis. Third, we notice that the transmission ratio largely depends on the
degree of stratification and wave frequency. High transmission ratios are achieved when
the N2max/(2Ω
2) is small (the stable layer is weakly stratified), or when σ2 − f2 ' 0
(the wave is near the critical colatitude). This result is consistent with our theoretical
analysis.
2.1.2. Configuration 2
For configuration 2, the wave propagates from the stable layer to the convective layer.
We discuss it in two cases C > 0 and C < 0, respectively. For the first case C > 0, it
requires a1 = 0. The waves with wavenumber −s, +s, and −q are the incident wave,
reflective wave, and transmitted wave, respectively. From the boundary conditions, we
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obtain
b1 + b2 = a2 , (2.40)
sb1 − sb2 = −qa2 . (2.41)
The solution is
b1
b2
=
s− q
s+ q
, (2.42)
a2
b2
=
2s
s+ q
. (2.43)
The reflection ratio is
ζ = (
b1
b2
)2 = (
s− q
s+ q
)2 . (2.44)
and the transmission ratio is
η =
q
s
(
a2
b2
)2 =
4sq
(s+ q)2
= 1− ζ . (2.45)
Therefore, the transmission ratio can be written as
η = 1− (
√
∆m −
√
∆0√
∆m +
√
∆0
)2 (2.46)
The analysis is similar to configuration 1. It is found that the transmission is efficient
when the stable layer is weakly stratified, or when the the wave is near the critical
colatitude.
For the case C < 0, it requires a2 = 0. The waves with wavenumber +s, −s, and +q
are the incident wave, reflective wave, and transmitted wave, respectively. Thus we have
b1 + b2 = a1 , (2.47)
sb1 − sb2 = qa1 . (2.48)
The solution is
b2
b1
=
s− q
s+ q
, (2.49)
a1
b1
=
2s
s+ q
. (2.50)
The reflection ratio is
ζ = (
b2
b1
)2 = (
s− q
s+ q
)2 . (2.51)
and the transmission ratio is
η =
q
s
(
a1
b1
)2 =
4sq
(s+ q)2
= 1− ζ . (2.52)
Therefore, the transmission ratio can be written as
η = 1− (
√
∆m −
√
∆0√
∆m +
√
∆0
)2 (2.53)
The discussion is similar to configuration 1. It is found that the transmission is efficient
when the stable layer is weakly stratified, or when the wave is near the critical latitude.
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2.2. Continuously varying stratification in the stable layer
For a continuously varying stratification in the stable layer, we assume that N2(z) is
a function of z in the region z ∈ (0, zm). For the existence of wave solution, it requires
B2 − A0C − N2(z)C > 0 for z ∈ (0, zm). It also requires N2(0) = 0 because N2(z) is
assumed to be continuous at the interface. In the stable layer, we write equation (2.13)
as
ψzz + s
2ψ = 0 , (2.54)
where s2 = k2[(B2−A0C−N2C)/C2] and s is a function of z. We perform WKB analysis
to solve this equation. Assuming ψ ∝ eiX(z) and substituting it into the above equation,
we obtain
iXzz −X2z + s2 = 0 , (2.55)
where X(z) is assumed to be a slowly varying function. For a slowly varying function,
Xzz is small compared to X
2
z . Neglecting Xzz gives the first approximation
−X2z + s2 = 0 . (2.56)
The solution is
X = ±
∫ z
0
s(z′)dz′ . (2.57)
Substituting (2.57) into (2.55), we obtain
X2z = ±isz + s2 . (2.58)
For a slowly varying function, sz is small compared with s. It gives the second approxi-
mation
Xz = ±(±isz + s2)1/2 ≈ ±s+ isz/(2s) , (2.59)
and we obtain
X =
i
2
[ln s(z)− ln s(0)]±
∫ z
0
s(z′)dz′ . (2.60)
Substituting X back into ψ, we have
ψ ∝ [s(0)/s(z)]1/2e±i
∫ z
0
s(z′)dz′ . (2.61)
Now we assume that the general solution of ψ is
ψ = [s(0)/s(z)]1/2
[
b1e
i
∫ z
0
s(z′)dz′ + b2e
−i ∫ z
0
s(z′)dz′
]
. (2.62)
Its derivative is
ψz = −2−1sz(z)s(z)−1ψ + i[s(z)s(0)]1/2
[
b1e
i
∫ z
0
s(z′)dz′ − b2e−i
∫ z
0
s(z′)dz′
]
. (2.63)
At z = 0, we have
ψ(0) = b1 + b2 , (2.64)
ψz(0) = −2qβψ(0) + iq(b1 − b2) , (2.65)
where β = (2q)−2sz(0) and s(0) = q have been used. Now we discuss the wave reflection
and transmission for the two configurations.
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2.2.1. Configuration 1
For C > 0, the outward transmitted wave requires b2 = 0. Matching the boundary
conditions at the interface, we have
a1 + a2 = b1 , (2.66)
a1 − a2 = 2βib1 + b1 . (2.67)
The solution is
a2
a1
=
−βi
1 + βi
, (2.68)
b1
a1
=
1
1 + βi
. (2.69)
Thus the reflection ratio at the interface is
ζ =
|a2|2
|a1|2 =
β2
1 + β2
. (2.70)
and the transmission ratio at the interface is
η =
q
q
|b2|2
|a1|2 =
1
1 + β2
= 1− ζ . (2.71)
The explicit form of |β| is
|β| = |dN
2(0)/dz|C2
8k(B2 −A0C)3/2 . (2.72)
If |β| → ∞, then η → 0 and the incident wave is totally reflected. If |β| → 0, then η → 1
and the incident wave is totally transmitted. If ∞ > |β| > 0, then 1 > η > 0 and the
incident wave is partially reflected. Let us further assume that N2 varies as a polynomial
function N2 = γ2z
ν , where γ2 > 0 and ν > 0 are constants. Making a substitution, we
obtain
|β| = γ2νz
ν−1C2
8k(B2 −A0C)3/2 |z=0 . (2.73)
From the above equation, we have the following conclusions:
(1) When ν < 1, we have |β| → ∞, thus the incident wave is totally reflected at the
interface.
(2) When ν > 1, we have |β| = 0, thus the incident wave is totally transmitted at the
interface.
(3) When ν = 1, we have ∞ > |β| > 0, thus the incident wave is partially transmitted
at the interface.
Let us now consider the special case ν = 1. For this case, we have
|β| = γ2C
2
8k(B2 −A0C)3/2 (2.74)
=
N2maxC
2
8zmk(B2 −A0C)3/2 (2.75)
where the relation N2max = γ2zm has been applied. It can be seen that |β| decreases
with zmk and increases with N
2
max/(2Ω)
2. Also, it can be proved that |β| decreases
with σ2 by taking derivatives. As a result, η increases with zmk and σ
2, and decreases
with N2max/(2Ω)
2. Specifically, we have η → 1 when N2max/(2Ω)2 → 0, or σ2 → f2, or
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Figure 4: Transmission ratios at different zmk (=0.1,1,10 from the left to right).
N2max = 10 and sin
2 α = 1.0 for all the cases.
zm  k−1. Therefore, the transmission ratio is efficient when the stable layer is weakly
stratified, or when the wave is near the critical latitude, or when the width of the linear
stratification layer is far greater than the horizontal wavelength. Fig.4 illustrates the
transmission contours at different zmk in a slowly rotating fluid. It clearly shows that
the transmission ratio increases with zmk even when the stable layer is strongly stratified.
A small value of zmk can be easily realized for short waves. It indicates that short wave
is more likely to transmit in a strongly stratified fluid when the stable layer is linear
stratified.
For C > 0, the outward transmitted wave requires b1 = 0. Matching the boundary
conditions at the interface, we have
a1 + a2 = b2 , (2.76)
a1 − a2 = 2βib2 − b2 . (2.77)
The solution is
a1
a2
=
βi
1− βi , (2.78)
b2
a2
=
1
1− βi . (2.79)
Thus the transmission ratio at the interface is
η =
q
q
|b2|2
|a2|2 =
1
1 + β2
. (2.80)
We see that the η has the same form with the case C > 0. Therefore the conclusion
remains unchanged.
2.2.2. Configuration 2
For C > 0, the inward transmitted wave requires a1 = 0. Therefore, at the interface
we have
b1 + b2 = a2 , (2.81)
2iβ(b1 + b2) + (b1 − b2) = −a2 . (2.82)
The solution is
b1
b2
=
−iβ
1 + iβ
, (2.83)
a2
b2
=
1
1 + iβ
. (2.84)
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Thus the transmission ratio is
η =
q
q
|a2|2
|b2|2 =
1
1 + β2
. (2.85)
The transmission ratio has the same form as configuration 1, which yields similar
conclusion.
For C < 0, the inward transmitted wave requires a2 = 0. Therefore at the interface we
have
b1 + b2 = a1 , (2.86)
2iβ(b1 + b2) + (b1 − b2) = a1 . (2.87)
The solution is
b2
b1
=
iβ
1− iβ , (2.88)
a1
b1
=
1
1− iβ . (2.89)
Thus the transmission ratio is
η =
q
q
|a1|2
|b1|2 =
1
1 + β2
. (2.90)
The transmission ratio has the same form as configuration 1, and the conclusion remains
unchanged.
3. Conclusion and Discussion
We have discussed the wave propagation in a partially stratified rotating fluid with
two configurations. In configuration 1, the wave propagates from the convective layer
to the stable layer. In configuration 2, the wave propagates from the stable layer to
the convective layer. First, we have discussed the width of the frequency range on the
existence of wave solution. We have the following major findings:
(1) When the stable layer is strongly stratified (slow rotation), waves prefer to survive
at low latitudes rather than high latitudes.
(2) When the stable layer is weakly stratified (rapid rotation), waves can survive in
the full sphere if the meridional wavenumber is large.
Second, we have investigated the efficiency of wave transmission in these configurations.
We have not observed significant difference on the efficiency of wave transmission between
these two configurations. We have considered different stratification structures in the
stable layer: the constant stratification, and the continuously varying stratification. For
the continuously varying stratification, we have discussed the transmission ratio when
the square of buoyancy frequency N2 varies as a polynomial function N2 ∝ zν . We have
the following major findings:
(3) For the constant stratification, the transmission at the interface is efficient when
the stable layer is weakly stratified (rapid rotation), or when the wave is at the critical
latitude.
(4) For the linear stratification (ν = 1), the transmission at the interface is efficient
when the stable layer is weakly stratified (rapid rotation), or when the wave is at the
critical latitude, or when the width of the linear stratification layer is far greater than
the horizontal wavelength.
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(5) For a convex stratification (ν > 1), there is no reflection at the interface and all of
the incident wave is transmitted.
(6) For a concave stratification (0 < ν < 1), there is no transmission at the interface
and all of the incident wave is reflected.
For each stratification structure, it is also interesting to note that the wave transmission
ratio at the interface is identical for both configurations, no matter what direction the
wave propagates. It only depends on the characteristics of the wave (wave frequency and
wavenumber) and the fluid (degree of stratification).
Our findings have useful applications in the prediction of wave transmission in rotating
stars or planets. For example, g-mode has not been detected on the solar surface so far.
Our calculation shows that the efficiency of wave transmission largely depends on the
stratification structure. Waves are easy to transmit when the transition at the interface
between the convective and stable layers is smooth (convex stratification is continuous
but not smooth at the interface). If the transition near the base of solar convection zone is
smooth, then the gravito-inertial wave excited in the stable layer can be easily transmitted
into the convective layer. Then the chance of g-mode detection at the solar surface would
be higher. In reality, the transition of the square of buoyancy frequency is likely to be
linear below the solar convection zone (see figure 2 in Rogers & Glatzmaier (2005)). The
rotation speed of the Sun is slow, and the stable layer is strongly stratified. For this case,
gravity waves are more likely to transmit at low latitudes, when the wave is at the critical
latitude, or when its horizonal wavelength is small. Thus the chance on the detection
of solar g-mode would be higher for short waves at low latitudes. The amplitude of
short wave is usually small, because wave amplitude usually decreases with wavenumber
and frequency. Therefore, the detection of solar g-mode would be difficult. Our result
also shows that wave propagation might be important in rapidly rotating stars. For
example, material mixing near the core boundary has important effect on the evolution
of low- and intermediate-mass stars (Claret & Torres 2019). For rapidly rotating low-
and intermediate-mass stars, inertial waves excited in the convective core region could
transmit efficiently into the upper stable layer as gravito-inertial waves. Momentum and
energy could possibly be transported spontaneously, which might facilitate the material
mixing near the core boundary. Our analysis is based on f-plane in Cartesian coordinates.
Linear instability analysis of rotating viscous flow has shown that teleconvection (fluid
motion is vigorous in the stable layer) can be driven when the stable layer is weakly
stratified in spherical geometry (Zhang & Schubert 2002). This phenomenon has also
been verified in the analysis of rapidly rotating viscous flow in f-planes (Cai 2020). These
results have borne some similarities with our conclusions. So probably our arguments still
hold in other geometries. It would be interesting to verify them in different geometries.
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Appendix A.
The width of the frequency range is
σ2max − σ2min =
1
2
[(f2 + f˜2s −N2max) +
√
(f2 + f˜2s −N2max)2 + 4N2maxf˜2s ] . (A 1)
Here we investigate the monotonicity of σ2max − σ2min on θ. It is equivalent to consider
the monotonicity of the following function
G(θ, µ1, µ2) = G1(θ, µ1, µ2) +
√
G21(θ, µ1, µ2) + 4G2(θ, µ1, µ2) , (A 2)
where G1(θ, µ1, µ2) = cos
2 θ+µ1 sin
2 θ−µ2, G2(θ, µ1, µ2) = µ1µ2 sin2 θ, µ1 = sin2 α, and
µ2 = N
2
max/(2Ω)
2. Taking the first derivative on θ, we have
Gθ = G1θ +
G1G1θ + 2G2θ√
G21 + 4G2
, (A 3)
Setting Gθ(θ) = 0, we obtain
G21θ(G
2
1 + 4G2) = (G1G1θ + 2G2θ)
2 , (A 4)
or in another form
G21θG2 = G1G1θG2θ +G
2
2θ . (A 5)
From the above equation, we obtain that the critical point should satisfy
µ2 = 1− µ1 (A 6)
Therefore, Gθ > 0 when µ2 > 1−µ1, and Gθ < 0 when µ2 < 1−µ1. It can be easily found
that 1 − µ1 is within the range [0, 1]. Thus we have the following conclusion. If µ2 > 1,
then σ2max − σ2min increases with θ. If µ2 < 1, there exists a critical value µ1c = 1− µ2,
and σ2max − σ2min increases (decreases) with θ when µ1 > µ1c (µ1 < µ1c). Fig.5(a) and
(b) presents two cases with µ2 < 1 and µ2 > 1, respectively. Fig.5(b) clearly shows that
G(θ) increases with θ when µ2 > 1. Fig.5(a) shows that the trend of G(θ) depends on a
critical value µ1c when µ2 < 1.
Taking the first derivative on µ1, we have
Gµ1 = G1µ1 +
G1G1µ1 + 2G2µ1√
G21 + 4G2
(A 7)
= (1 +
cos2 θ + µ1 sin
2 θ + µ2√
G21 + 4G2
) sin2 θ (A 8)
> 0 (A 9)
Therefore, σ2max − σ2min increases with µ1.
18
0 0.5 1 1.5
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
G
()
2=2/3
1=0
1=0.25
1=0.5
1=0.75
1=1
(a)
0 0.5 1 1.5
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
G
()
2=3/2
1=0
1=0.25
1=0.5
1=0.75
1=1
(b)
Figure 5: (a)G(θ) as a function of θ when µ2 = 2/3. In this case, µ2 < 1 and
µ1c = 1/3. (b)G(θ) as a function of θ when µ2 = 3/2. In this case, µ2 > 1.
Taking the first derivative on µ2, we have
Gµ2 = G1µ2 +
G1G1µ2 + 2G2µ2√
G21 + 4G2
(A 10)
=
µ1 sin
2 θ + µ2 − cos2 θ −
√
G21 + 4G2√
G21 + 4G2
(A 11)
=
−4µ1 sin2 θ cos2 θ
(
√
G21 + 4G2)(µ1 sin
2 θ + µ2 − cos2 θ +
√
G21 + 4G2)
(A 12)
6 0 (A 13)
Therefore, σ2max − σ2min decreases with µ2.
Appendix B.
Applying the operation ∇× to (2.2), we obtain the vorticity equation
(∇× u)t +∇× (f × u)−∇b× zˆ = 0 . (B 1)
From this equation, we can obtain the vertical component of vorticity
zˆ · ∇× u = − 1
iσ
(f · ∇)w . (B 2)
It can be rearranged as
u sinα− v cosα = − 1
σk
(fwz + ikf˜sw) . (B 3)
From the continuity equation (2.3), we have
u cosα+ v sinα =
i
k
wz (B 4)
Solving (B 3) and (B 4), we get the horizontal velocities
u =
(iσ cosα− f sinα)wz − (ikf˜s sinα)w
kσ
, (B 5)
v =
(iσ sinα+ f cosα)wz + (ikf˜s cosα)w
kσ
. (B 6)
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Now we consider the energy equation. Applying the operator u· to (2.2), we obtain the
kinetic energy conservation equation
(
1
2
|u|2)t + u · ∇p− bw = 0 , (B 7)
where Ekin = |u|2/2 is the kinetic energy. Multiplying (2.3) with b/N2, we obtain the
potential energy conservation equation
(
b2
2N2
)t + bw = 0 , (B 8)
where Epe = b
2/(2N2) is the potential energy. Adding (B 7) and (B 8), we have
(
|u|2
2
+
b2
2N2
)t +∇ · (pu) = 0 , (B 9)
where Ewave = (|u|2 +b2/N2)/2 is the wave energy. With the explicit forms of horizontal
velocities (B 5) and (B 6), we can calculate the averaged kinetic energy
〈Ekin〉 = 1
2
〈
Re(u)2 + Re(v)2 + Re(w)2
〉
=
1
4
(|u|2 + |v|2 + |w|2)
=
1
4σ2k2
[|fΨz/Ψ + ikf˜s|2 + σ2(|Ψz/Ψ |2 + k2)]|ψ|2 . (B 10)
From (2.3), the buoyancy has a form of
b = − 1
iσ
N2w . (B 11)
From this equation, we can deduce the averaged potential energy
〈Epe〉 = 1
2N2
〈
Re(b)2
〉
=
1
4N2
|b|2 = N
2
4σ2
|w|2 . (B 12)
Therefore, the averaged wave energy can be written as
〈Ewave〉 = 〈Ekin〉+ 〈Epe〉
=
1
4σ2k2
[|fΨz/Ψ + ikf˜s|2 + σ2(|Ψz/Ψ |2 + k2) +N2k2]|ψ|2 . (B 13)
Now we calculate the internal wave energy flux. The modified pressure p can be evaluated
from (2.2) by
p =
1
ik sinα
(iσv − fu)
=
[(f2 − σ2)Im(wz/w) + kf˜sf ] + i[kf˜σ cosα− (f2 − σ2)<(wz/w)]
k2σ
w . (B 14)
Note that the continuous of pressure perturbation (Lagrangian pressure perturbation is
equal to Eulerian pressure perturbation in this case) at the interface requires that wz is
continuous. The vertical component of the averaged internal wave energy flux is
〈F 〉 = 〈Re(p)Re(w)〉
=
〈
[(f2 − σ2)Im(wz/w) + kf˜sf ]Re(w)Re(w)− [kf˜σ cosα− (f2 − σ2)Re(wz/w)]Im(w)Re(w)
k2σ
〉
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=
(f2 − σ2)Im(Ψz/Ψ) + kf˜sf
2k2σ
|Ψ |2
=
Cδ + CIm(ψz/ψ) + kB
2k2σ
|ψ|2
=
CIm(ψz/ψ)
2k2σ
|ψ|2 . (B 15)
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